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Outline

• Login in general: models and entailment

• Propositional (Boolean) logi


• Equivalen
e, validity and satis�ability

• Inferen
e:� By model 
he
king� Using inferen
e rules� Resolution algorithm: Conjun
tive Normal form� Horn theories: forward and ba
kward 
haining
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A logi
 
onsists of:1. A formal representation system:(a) Syntax: how to make senten
es(b) Semanti
s: systemati
s 
onstraints on how senten
es relateto the states of a�airs2. Proof theory: a set of rules for dedu
ing the entailment of a setof senten
esExample:√ Propositional logi
 (or Boolean logi
)√ First-order logi
 FOL
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Models (I)A model is a world in whi
h a senten
e is true under a parti
ularinterpretation. General de�nitionLogi
ians typi
ally think in terms of models, whi
h are formallystru
tured worlds with respe
t to whi
h truth 
an be evaluatedWe say m is a model of a senten
e α if α is true in mTypi
ally, a senten
e 
an be true in many models
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Models (II)

M(α) is the set of all models of αEntailment: A senten
e α is entailed by a KB if the models of theKB are all models ofαKB |= α i� all models of KB are models of α (i.e., M(KB) ⊆ M(α))Then KB |= α if and only if M(KB) ⊆ M(α)
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Inferen
e

• Example of inferen
e pro
edure: dedu
tion

• Validity of a senten
e: always true (i.e., under all possibleinterpretations)The Earth is round or not round

→ Tautology

• Satis�ability of a senten
e: sometimes true (i.e., ∃ someinterpretation(s) where it holds)Alex is on 
ampus

• Insatis�ability of a senten
e: never true (i.e., 6 ∃ any interpretationwhere it holds)The Earth is round and the earth is not round

→ useful for refutation, as we will see laterBeauty of inferen
e:Formal inferen
e allows the 
omputer to derive valid 
on
lusions evenwhen the 
omputer does not know the interpretation you are using
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Syntax of Propositional Logi
Propositional logi
 is the simplest logi
�illustrates basi
 ideas

• Symbols represent whole propositions, senten
esD says the Wumpus is deadThe proposition symbols P1, P2, et
. are senten
es

• Boolean 
onne
tives: ∧,∨,¬,⇒ (alternatively, →,⊃),⇔,
onne
t senten
esIf S1 and S2 are senten
es, the following are senten
es too:

¬S1, ¬S2, S1 ∧ S2, S1 ∨ S2, S1 ⇒ S2, S1 ⇔ S2Formal grammar of Propositional Logi
: Ba
kus-Naur Form,
he
k Figure 7.7 page 205 in AIMA

B.Y.Choueiry
7
Instru
tor'snotes#11Mar
h31,2006

'&

$%

TerminologyAtomi
 senten
e: single symbolComplex senten
e: 
ontains 
onne
tives, parenthesesLiteral: atomi
 senten
e or its negation (e.g., P , ¬Q)Senten
e (P ∧ Q) ⇒ R is an impli
ation, 
onditional, rule, if-thenstatement

(P ∧ Q) is a premise, ante
edent

R is a 
on
lusion, 
onsequen
eSenten
e (P ∧ Q) ⇔ R is an equivalen
e, bi
onditionalPre
eden
e order resolves ambiguity (highest to lowest):

¬,∧,∨,⇒,⇔E.g., ((¬P ) ∨ (Q ∧ R)) ⇒ S Careful: A ∧ B ∧ C and

A ⇒ B ⇒ C
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Syntax of First-order logi
 (Chapter 8)First-Order Logi
 (FOL) is expressive enough to say almostanything of interest and has a sound and 
omplete inferen
epro
edure

• Logi
al symbols:� parentheses� 
onne
tives (¬,⇒, the rest 
an be regenerated)� variables� equality symbol (optional)

• Parameters:� quanti�er ∀� predi
ate symbols� 
onstant symbols� fun
tion symbols
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Semanti
s of Propositional Logi
Semanti
s is de�ned by spe
ifying:� Interpretation of a proposition symbols and 
onstants (T/F)� Meaning of logi
al 
onne
tivesProposition symbol means what ever you want:D says the Wumpus is deadBreeze says the agent is feeling a breezeSten
h says the agent is per
eiving an unpleasant smellConne
tives are fun
tions: 
omplex senten
es meaning derivedfrom the meaning of its parts

P Q :P P^Q P_Q P ) Q P , Q

False False True False False True True
False True True False True True False
True False False False True False False
True True False True True True TrueNote:

P ⇒ Q: if P is true, Q is true, otherwise I am making no 
laim
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Models in propositional logi
 Careful!

• A model is a mapping from proposition symbols dire
tly totruth or falsehood

• The models of a senten
e are the mappings that make thesenten
e trueExample:

α: obj1 ∧ obj2

√ Model1: obj1 = 1 and obj2 =1

× Model2: obj1 = 0 and obj2 =1
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Wumpus world in Propositional Logi


Pi,j: there is a pit in [i, j℄

Bi,j : there is a breeze in [i, j℄

• R1 : ¬P1,1

• �Pits 
ause breezes in adja
ent squares�

R2 : B1,1 ⇔ (P1,2 ∨ P2,1)

R3 : B2,1 ⇔ (P1,1 ∨ P2,2 ∨ P3,1)

• Per
epts:

R4 : ¬B1,1

R5 : B2,1

• KB: R1 ∧ R2 ∧ R3 ∧ R4 ∧ R5

• Questions: KB |= ¬P1,2? KB 6|= P2,2?
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Wumpus world in Propositional Logi
Given KB: R1 ∧ R2 ∧ R3 ∧ R4 ∧ R5Number of symbols: 7Number of models: 27 =128<See Figure 7.9, page 209>KB is true in only 3 models

P1,2 is false but ¬P1,2 holds in all 3 models of the KB,thus KB |= ¬P1,2

P2,2 is true in 2 models, false in third, thus KB 6|= P2,2

B.Y.Choueiry
13
Instru
tor'snotes#11Mar
h31,2006

'&

$%

Enumeration method in Propositional Logi
Let α = A ∨ B and KB = (A ∨ C) ∧ (B ∨ ¬C)Is it the 
ase that KB |= α?Che
k all possible models�α must be true wherever KB is true

A B C A ∨ C B ∨ ¬C KB α

F F F

F F T

F T F

F T T

T F F

T F T

T T F

T T TComplexity? Inferen
e is exponential in propositional logi
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Inferen
e by enumeration

• Algorithm: TT-Entails?(KB, α), Figure 209� Identi�es all the symbols in kb� Performs a re
ursive enumeration of all possible assignments(T/F) to symbols� In a depth-�rst manner

• It terminates: there is only a �nite number of models

• It is sound: be
ause it implements de�nition of entailment

• It is 
omplete, and works for any KB and α

• Time 
omplexity: O(2n), for a KB with n symbols

• Alert: Entailment in Propositional Logi
 is 
o-NP-Complete
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Important 
on
epts

• Logi
al equivalen
e

• ValidityDedu
tion theorem: links validity to entailment

• Satis�abilityRefutation theorem: links satis�ability to entailment
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Logi
al equivalen
eTwo senten
es are logi
ally equivalent α ⇔ β i� true in samemodels

α ≡ β if and only if α |= β and β |= α

(α ∧ β) ≡ (β ∧ α) 
ommutativity of ∧
(α ∨ β) ≡ (β ∨ α) 
ommutativity of ∨

((α ∧ β) ∧ γ) ≡ (α ∧ (β ∧ γ)) asso
iativity of ∧
((α ∨ β) ∨ γ) ≡ (α ∨ (β ∨ γ)) asso
iativity of ∨

¬(¬α) ≡ α double-negation elimination

(α =⇒ β) ≡ (¬β =⇒ ¬α) 
ontraposition

(α =⇒ β) ≡ (¬α ∨ β) impli
ation elimination

(α ⇔ β) ≡ ((α =⇒ β) ∧ (β =⇒ α)) bi
onditional elimination

¬(α ∧ β) ≡ (¬α ∨ ¬β) de Morgan

¬(α ∨ β) ≡ (¬α ∧ ¬β) de Morgan

(α ∧ (β ∨ γ)) ≡ ((α ∧ β) ∨ (α ∧ γ)) distributivity of ∧ over ∨

(α ∨ (β ∧ γ)) ≡ ((α ∨ β) ∧ (α ∨ γ)) distributivity of ∨ over ∧
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ValidityA senten
e is valid if it is true in all modelse.g., P ∨ ¬P , P ⇒ P , (P ∧ (P ⇒ H)) ⇒ HTo establish validity, use truth tables:

P H P_H (P_H) ^:H ((P_H) ^ :H) ) P

False False False False True
False True True False True
True False True True True
True True True False TrueIf every row is true, then he 
on
lusion, P , is entailed by thepremises, ((P ∨ H) ∧ ¬H)Use of validity: Dedu
tion Theorem:KB |= α i� (KB ⇒ α) is validTT-Entails?(KB, α) 
he
ks the validity of (KB ⇒ α)
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Satis�abilityA senten
e is satis�able if it is true in some modele.g., A ∨ B, CSatis�ability 
an be 
he
ked by enumerating the possible modelsuntil one is found that satis�es the senten
e (e.g., SAT!)A senten
e is unsatis�able if it is true in no modelse.g., A ∧ ¬ASatis�ability and validity are 
onne
ted:

α valid i� ¬α is unsatis�able and α satis�able i� ¬α is not validUse of satis�ability: refutationKB |= α i� (KB ∧¬α) is unsatis�ablei.e., prove α by redu
tio ad absurdum
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Proof methodsProof methods divide into (roughly) two kindsModel 
he
king

• Truth-table enumeration (sound & 
omplete but exponential)

• Ba
ktra
k sear
h in model spa
e (sound & 
omplete)e.g., Davis-Putnam Algorithm (DPLL) (Se
tion 7.6)

• Heuristi
 sear
h in model spa
e (sound but in
omplete)e.g., the GSAT algorithm, the WalkSat algorithm (Se
tion 7.6)Appli
ation of inferen
e rules

• Legitimate (sound) generation of new senten
es from old

• Proof = a sequen
e of inferen
e rule appli
ations, 
an useinferen
e rules as operators in a standard sear
h algorithm

• Typi
ally require translation of senten
es into a normal form
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Inferen
e rules for Propositional Logi
 (I)Reasoning patterns

• Modus Ponens (Impli
ation-Elimination)

α ⇒ β, α

β

• And-Elimination

α1 ∧ α2 ∧ . . . ∧ αn

αi

• We 
an also use all logi
al equivalen
es as inferen
e rules:

α⇔β
(α⇒β)∧(β⇒α) and (α⇒β)∧(β⇒α)

α⇔βSoundness of an inferen
e rule 
an be veri�ed by building a truthtable
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Inferen
e rules and equivalen
es in the wumpus worldGiven KB: R1 ∧ R2 ∧ R3 ∧ R4 ∧ R5Prove: ¬P1,2

• Bi
onditional elimination to R2 : B1,1 ⇔ (P1,2 ∨ P2,1)

R6 : (B1,1 ⇒ (P1,2 ∨ P2,1)) ∧ ((P1,2 ∨ P2,1) ⇒ B1,1)

• And elimination to R6:

R7 : ((P1,2 ∨ P2,1) ⇒ B1,1)

• Logi
al equivalen
e of 
ontrapositives:

R8 : (¬B1,1 ⇒ ¬(P1,2 ∨ P2,1))

• Modus ponens on R8 and R4 : ¬B1,1

R8 : ¬(P1,2 ∨ P2,1)

• De Morgan's rules: R9 : ¬P1,2 ∧ ¬P2,1
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The job of an inferen
e pro
edure is to 
onstru
t proofs by�nding appropriate sequen
es of appli
ations of inferen
e rulesstarting with senten
es initially in KBand 
ulminating in the generation of the senten
ewhose proof is desired
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Complexity of propositional inferen
eTruth-table: Sound and 
omplete.2n rows: exponential, thus impra
ti
alEntailment is 
o-NP-Complete in Propositional Logi
Inferen
e rules: sound (resolution gives 
ompleteness)NP-
omplete in generalHowever, we 
an fo
us on the senten
es and propositions ofinterest: The truth values of all propositions need not be
onsidered
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Monotoni
itythe set of entailed senten
es 
an only in
rease as information (newsenten
es) is added to the KB:if KB |= α then (KB∧β)|= αMonotoni
ity allows us to apply inferen
e rules whenever suitablepremises appear in the KB: the 
on
lusion of the rule followregardless of what else is in the KBPL, FOL are monotoni
, probability theory is notMonotoni
ity essential for soundness of inferen
e
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Resolution for 
ompleteness of inferen
e rules

• Unit resolution:

l1 ∨ l2, ¬l2

l1More generally:

l1 ∨ · · · ∨ lk, m

l1 ∨ · · · ∨ li−1 ∨ li+1 ∨ · · · ∨ lkwhere li and m are 
omplementary literals

• Resolution:

l1 ∨ l2, ¬l2 ∨ l3

l1 ∨ l3More generally:

l1 ∨ · · · ∨ lk, m1 ∨ · · · ∨ mn

l1 ∨ · · · ∨ li−1 ∨ li+1 ∨ · · · ∨ lk ∨ m1 ∨ · · · ∨ mj−1 ∨ mj+1 ∨ · · · ∨ mnwhere li and mj are 
omplementary literals
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Resolution in the wumpus worldAgent goes [1, 1℄, [2, 1℄, [1, 1℄, [1, 2℄Agent per
eives a sten
h but no breeze: R11 : ¬B1,2But R12 : B1,2 ⇔ (P1,1 ∨ P2,2 ∨ P1,3Applying bi
onditional elimination to R12, followed byand-elimination, 
ontraposition, and �nally modus ponens with

R11, we get:

R13 : ¬P2,2 and R14 : ¬P1,3

R3 : B2,1 ⇔ (P1,1 ∨ P2,2 ∨ P3,1)

R5 : B2,1Now, applying bi
onditional elimination too R3 and modus ponenswith R5, we get:

R15 : P1,1 ∨ P2,2 ∨ P3,1Resolving R13 and R15: R16 : P1,1 ∨ P3,1Resolving R16 and R1: R17 : P3,1
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Soundness of the resolution ruleResolution rule: α∨β, ¬β∨γ
α∨γ

or equivalently ¬α⇒β, β⇒γ
¬α⇒γ� � 
 � _ � :� _ 
 � _ 


False False False False True False
False False True False True True
False True False True False False
False True True True True True
True False False True True True
True False True True True True
True True False True False True
True True True True True True
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Resolution for 
ompleteness of inferen
e rules

• Inferen
e rules 
an be used as su

essor fun
tions in asear
h-based agent

• Any 
omplete sear
h algorithm, applying only the resolutionrule, 
an derive any 
on
lusion entailed by any knowledge basein propositional logi
.

• Refutation 
ompleteness:Resolution 
an always be used to either prove or refute asenten
e

−→ Resolution algorithm on CNF

• Caveat:Resolution 
annot be used to enumerate true senten
es.Given A is true, resolution 
annot generate A ∨ B
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Conjun
tive Normal Form

• Resolution applies only to disjun
tions of literals

• We 
an transform any senten
e in PL in CNF

• A k-CNF has exa
tly k literals per 
lause:

(l1,1 ∨ · · · ∨ l1,k) ∧ · · · ∧ (ln,1 ∨ · · · ∨ ln,k)Conversion pro
edure:

• Eliminate ⇔ using bi
ondi
tional elimination

• Eliminate ⇒ using impli
ation elimination

• Move ¬ inwards using (repeatedly) double-negation eliminationand de Morgan rules

• Apply distributivity law, distributing ∨ over ∧ wheneverpossibleFinally, the KB 
an be used as input to a resolution pro
edure
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Example of 
onversion to CNF

R2 : B1,1 ⇔ (P1,2 ∨ P2,1)

• Eliminate ⇒ using bi
ondi
tional elimination

(B1,1 ⇒ (P1,2 ∨ P2,1)) ∧ ((P1,2 ∨ P2,1) ⇒ B1,1)

• Eliminate ⇒ using impli
ation elimination

(¬B1,1 ∨ (P1,2 ∨ P2,1)) ∧ (¬(P1,2 ∨ P2,1) ∨ B1,1)

• Move ¬ inwards using (repeatedly) double-negation eliminationand de Morgan rules

(¬B1,1 ∨ (P1,2 ∨ P2,1)) ∧ (¬P1,2 ∧ ¬P2,1) ∨ B1,1)

• Apply distributivity law, distributing ∨ over ∧ wheneverpossible (¬B1,1 ∨ P1,2 ∨ P2,1) ∧ (¬P1,2 ∨ B1,1) ∧ (¬P2,1 ∨ B1,1)
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Resolution algorithm

• KB |= α i� (KB ∧¬α) is unsatis�able

• (KB ∧¬α) is 
onverted to CNFthen we apply resolution rule repeatedly, until:- no 
lause 
an be added (i.e., KB |= ¬α)- we derive the empty 
lause (i.e., KB |= α)<PL-Resolution(KB, α), Fig 7.12, page 216>

• Ground resolution theorem:If a set of 
lauses is unsatis�able, then the resolution 
losure ofthose 
lauses 
ontains the empty 
lause.
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Example of applying resolution algorithm to wumpus worldWith KB=R2 ∧ R4, prove that ¬P1,2

R2 : B1,1 ⇔ (P1,2 ∨ P2,1)

R4 : ¬B1,1

¬P2,1 ∨ B1,1 ¬B1,1 ∨ P1,2 ∨ P2,1 ¬P1,2 ∨ B1,1 ¬B1,1 P1,2

¬P2,1 ¬P1,2P1,2 ∨ P2,1 ∨ ¬P2,1¬B1,1 ∨ P2,1 ∨ B1,1P1,2 ∨ P2,1 ∨ ¬P1,2¬B1,1 ∨ P1,2 ∨ B1,1Note that many steps are pointless and 
ould be avoided, example:

B1,1 ∨ P2,1 ∨ ¬B1,1 = True ∨ P2,1 = True
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Restri
tion to Horn 
lauses: a subset of PL

• Disjun
tive form: disjun
tion of literals of whi
h at most one ispositiveExample: ¬P1 ∨ ¬P2 ∨ · · · ∨ ¬Pn ∨ Q where Pi and Q arenon-negated atoms

• Impli
ative form: an impli
ation whose premise is a 
onjun
tionof literals and whose 
on
lusion is a single positive literalExample: P1 ∧ P2 ∧ . . . Pn ⇒ Q, where Pi and Q arenon-negated atomsSigni�
an
e of Horn 
lauses:

• Real-world KB's are easy to write in impli
ative form

• Inferen
e 
an be done with Forward and Ba
kward 
haining(easy to tra
e and understand) PL-FC-Entails?(KB, q)

• De
iding entailment with Horn 
lauses is linear time
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Forward 
haining PL-FC-Entails?(KB, q)

• determines whether p is entailed by a KB of Horn 
lauses

• begins with known fa
ts

• asserts the 
on
lusion (head) of an impli
ation whose premiseshold

• 
ontinues until the query q is added to KB (su

ess) or nofurther inferen
es 
an be made (failure)Forward 
haining terminates (rea
hes a �xed point), is sound and
omplete
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Exe
ution example of Forward 
hainingKB: (P ⇒ Q) ∧ (L ∧ M ⇒ P ) ∧ (B ∧ L ⇒ M) ∧ (A ∧ P ⇒
L) ∧ (A ∧ B ⇒ L) ∧ A ∧ B

Q

P

M

L

BA
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Inferen
e in Horn theoriesRuns in linear time

• Forward 
haining:� data-driven� infers every possible 
on
lusion� may do lots of work that is irrelevant to the goal

• Ba
kward 
haining:� goal-dire
ted reasoning� works ba
k from q, tries to �nd known fa
ts that support thequery� tou
hes only relevant fa
ts, often 
ost mu
h less than linearin the size of KB
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Problems with Propositional Logi


• good vehi
le for introdu
ing what logi
 / inferen
e is

• too weak to even handle the Wumpus worldD̀on't go forward when Wumpus is in front of you' requires 64rules (16 squares x 4 orientations for agent)

• Problem: generating rules, handling truth tables (2n rows for nsymbols)!

• Important problem: How to represent 
hange when agentmoves from [1, 1℄ to [1, 2℄?Solution: Time-stamp symbols :-(But (1) length of game is not known in advan
e, (2) rewrite atime-dependent version of ea
h rule..Problem: PL only allows propositions, no relations, no obje
ts

B.Y.Choueiry
38
Instru
tor'snotes#11Mar
h31,2006



'&

$%

SummaryLogi
al agents apply inferen
e to a knowledge base to derive newinformation and make de
isionsBasi
 
on
epts of logi
:� Syntax: formal stru
ture of senten
es� Semanti
s: truth of senten
es WRT models� Entailment: ne
essary truth of one senten
e given another� Inferen
e: deriving senten
es from other senten
es� Soundness: derivations produ
e only entailed senten
es� Completeness: derivations 
an produ
e all entailed senten
es� Truth-table method is sound and 
omplete for propositional logi
� Forward and ba
kward 
haining are linear-time, sound and
omplete for Horn 
lauses� Resolution is 
omplete for propositional logi

−→ Propositional logi
 su�
es for some of these tasks, not all
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